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In this paper, we consider the following distributed bipartite matching problem: Let G = 
( L , R ; E )  be a bipartite graph in which boys are part L (left nodes), and girls are part R (right 
nodes.) There is an edge ( l i , r j )C  E iff boy l i is interested in girl r j .  Every boy l i will propose to 
a girl rj  among all those he is interested in, i.e., his adjacent right nodes in the bipartite graph G. 
If several boys propose to the same girl, only one of them will be accepted by the girl. We assume 
that none of the boys communicate with others. This matching problem is typical of distributed 
computing under incomplete information: Each boy only knows his own preference but none of the 
others. We first study the one-round matching problem: each boy proposes to at most one girl, so 
that the total number of girls receiving a proposal is maximized. If the maximum matching is M, 
then no deterministic algorithm can produce a matching of size not bounded by a constant, but 
a randomized algorithm achieves ~ - -  and this is shown optimal by an adversary argument. 
If we allow many rounds in matching, with the senders learning from their failures, then, for 
deterministic algorithms, the ratio (of the optimal solution to the solution of the algorithm) is 
unbounded when the number of rounds is smaller than A(G), and becomes bounded (two) at the 
A(G)-th round. In contrast, an extension of the one-round randomized algorithm establishes that 
there is no such discontinuity in the randomized case. This randomized result is also matched by 
an upper bound of asymptotically the same order. 

1. I n t r o d u c t i o n  

We discuss a novel bipartite matching problem, motivated by recent interests 
in computational problems under incomplete information (see, e.g., [12, 9, 8, 7], for 
online problems involving in unknown future events, and [4,10,6] for distributed op- 
timization problems). The competitive analysis [9], comparing a solution obtained 
under partial information with the optimal solution under complete information for 
the same set of input data, is a common methodology applied in these problems. 
Karp, et al., consider a centralized online matching problem while boys arrive in a 
linear order and each has to make a decision whom to match on arrival [8]. Each 
boy knows all the information available before his arrival. The unknown informa- 
tion is preferences of boys to arrive later. 

For the distributed matching problem in our study, each boy knows his own in- 
formation but not others. He may coordinate his strategy with those of the other 
boys but only as a function of his own information. Because of this restriction, any 
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deterministic algorithm involving one round of proposals may end up with a match- 
ing which is constant in size - -  and arbitrarily smaller than the optimum matching 
size M (this is a counting argument spelled out in the proof of Theorem 2.1). How- 

ever, w~ show that a simple randomized algorithm matches at least f~(v/-M) pairs 
- -  both n expectation and with high probability (Theorem 2.2). Furthermore, we 

show that ~ is the best possible performance by any randomized algorithm (The- 
orem 24). Moreover, we are also interested to know how much improvement the 
boys can make by learning from their experience being rejected (or accepted), in a 
way similar to that of [2] for improvement of shortest pathes by learning through 
repetitions of the same operation. In Section 3, boys are allowed to have several 
rounds to propose to girls and they can apply their past experience in previous 
rounds to make their decisions whom to propose to in later rounds. Obviously this 
would improve the overall performance in later rounds. We show that  any deter- 
ministic algorithm with up to A ( G ) -  1 rounds may end up with only O(A(G)) 
matched pairs - -  again, arbitrarily far from the optimum (Theorem 3.1). In con- 
trast, with A(G) rounds we can obtain a maximal matching - -  at least M/2 pairs. 
We then use the high-probability version of Theorem 2.4 to show that  randomized 
algorithms present no such gap (Theorem 3.3). Using the competitive ratio (defined 
as the worst case ratio of optimal matching size to the matching obtained by al- 
gorithms with incomplete information for maximization problems [8]), our results 
can be summarized as follows (with M for the maximum matching size). 

1. The deterministic competitive ratio is O(M). 

2. The randomized competitive ratio is O(v/--]~). 

3. The deterministic competitive ratio for the i-th round is M 0(-7- ) for i < A(G), 
while the deterministic competitive ratio for the A(G)-th round is 2. 

4. The randomized competitive ratio for the i-th round is O(A~-~) for i <  A(G). 

2. One  r o u n d  m a t c h i n g  p r o b l e m  

This ' ection covers the one-round distributed matching problem in a bipartite 
graph (L,R,E).  The setup of our problem is quite similar to that  of Linear 
Programming without Matrix [10], in which each agent knows some local information 
while collectively they have complete information of the underlying structure. In 
our problem, each boy on a left node u E L observes only those edges incident to u. 
Each boy tries to choose an edge without communicating with other boys. They 
may, however, coordinate their effort by designing strategies that may benefit each 
other. We first focus on deterministic strategies. 

Theorem 2.1. For any set of deterministic strategies there is a bipartite graph so 
that the optimal matching has size ~(n) and the matching constructed is O(1). 

Proof. Let the adversary always present two edges to node L i leading to Rj and 
R(i+j) rood n with j to be chosen later. Let Xik to be 1 if L i chooses Rk in exactly 
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one of the two possible cases (i.e., another edge to Rk+ i or Rk_i). ~et Xik to 
be 2 if Li chooses Rk in both cases. Otherwise Xit c = 0. Since the adversary has 
n possible ways, under the above restriction, to present two edges to Li, we have 

7~ n 

X i k  = n for each i : 1 < i < n. It  follows that  ~ ~ Xik = n 2. Hence, there 
k = l  i = l k = l  

exists some k* such that  ~ Xik. >_ n. Let S = {i : Xik* > 0}. Then Isl _> 
i = 1  

since X/k. < 2. Notice that,  for i E S, Li can be presented with two edges: one 
is (Li,Rk.) and another must be either (Li,Rk.+i) or (Li,Rk*_i). For i E S, 
we denote by E(i) the edge other than (Li,Rk.) which is presented to L/. Let 
R(S )={xER:x  is incident to E(i) for some iES}. 

For each xER(S),  assume x = R  l. Since it can only be incident to at most two 

such edges (LI+k,,RI) and (Ll_k.,Rl) , IR(S)[ _> I_~. Thus, there is a matching of 

size at least n/4, while all left nodes in S will choose Rk.. 1 

In contrast, we show much improvement can be gained with the help of ran- 
domized algorithms. 

Theorem 2.2. ff  each left node proposes to one of its edges, picked uniformly ~t 
random, then the resulting matching is f~( ~ t ) ,  where Mopt is the maximum 
matching, both in expectation and with probability 1 - o ( 1 ) .  

Proof. We first focus on the special class of biparti te graphs with perfect matchings 
and extend our proof to all the biparti te graphs later. 

Let x i j  denote the probability that  boy Li assigns to choose Rj (Xij  = 0 if there 

is no edge from L / t o  Rj.) The probability j is chosen is 1 -  1-I ( 1 - x / j ) .  Thus, the 
/ = 1  

expectedsizeofthematehingis EX[M]= ~-" [1- f l  /=1 

n 

Denote K = {j :  1 _< ~ xij} and k = IKI. We evaluate EX[M] by considering 
i = 1  

edges in K and not in K separately. 

1. j E K: Apply the inequality: 0 _< 1 - c  _< e -c ,  for all c < 1 ,  we have 

n x i j  

1-I (1 - x/j) <_ e ~=1 . It  follows that,  
i : 1  

f~ _ ~ x i  j 

1 - 1 - - [ ( 1  - x/j) >_ 1 - e i = 1  

i = 1  



4 5 6  X I A O T I E  D E N G  

n n 

Since ~ xij _> 1 for j E K,  we have, 1 - YI (1 - xij ) > 1 - e - t ,  for each j C K. 
i=1 

Therefore, 
i=1 

E 1 - 1 - I ( 1 - x i j )  > (l-e-1)k. 
jEK i=1 

2. j ~ K :  Since O<_xij<_l for all l<_i,j<n, we have 

n n 

H ( 1 -  xij) <_ 1 -  E x i j  + E 
i=1 i=1 l<i<l<n 

With the inequality, 

we have 

n n 
1 

E x jx,j < 5 E • E x,j, 
l<_i<l<_n i=1 l=1 

n n 

H ( 1 - x i j )  < 1 -  E x i j  + l ( E x i j ) 2 .  
i=1 i=1 i=1 

Sum over all j r K,  

[ n ] l k  1 n 
E 1 - H ( 1 - x i j )  >_ E - 2  xij = ' ~ E E x i j .  
j~K i=I j~K i=1 i=l j~K 

< 1 (j ~ K),  we obtain 

n n 
1 

i=1 i=1 

To evaluate the sum, we consider two subcases: 
2.1. Those left nodes i with ~ xij = 0: Since we use UNIFORM algorithm, 

j~K 
for each such left node, all the adjacent right nodes are in K. By our 
assumption that there is a perfect matching in the bipartite graph, the 
total number of such left nodes i is no more than IKI = k (Hall's Theorem). 

2.2. Those left nodes i with y~ xij > 0: From above, we know there are at 
j~K 

least n-k  such left nodes. Since UNIFORM takes the uniform distribution 
all the edges, for each of these left nodes, y~ xij >_ 1. over 

j~K 

xijxlj. 

n 

Combining this with the condition ~ xij 
i=l 

n n 

II (1 - ccij) <_ 1 - 1 ~ xij, which reduces to 
i=1 i=1 
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From these two subcases, we have 

n 
1 1 k ) l .  

i = l j ~ K  

Combining the above two cases, we have 

1 - I - [ ( 1  - > (1 - e- )k + (n - k)~-~  
j = l  i=1 

= 

In comparison, there is a perfect matching in the graph, the optimal solution is n. 

In the general case there may not always be a perfect matching in bipartite 
graph, we need to apply the following corollary of Hall's Theorem (see, e.g., [3]). 

Lemma 2.3. Suppose the maximum matching of E = (V, V; E) with [U] = IV] = n is 
m, then for any SC_U, we have [S[ < [ F ( S ) [ + n - m .  

Thus, in the above proof, we only need to change Subcase 2.1 and 2.2. Let S 
be the set satisfying Subcase 2.1, i.e., F(S) C K. Then, we have [Sl<_k+n-m and 
the number of left nodes i satisfying Subcase 2.2 is at least n - ( k + n - m ) = m - k .  
We have 

1 n _1 1 
x j-> 

i=lj~K 

And hence we obtain a matching of expected size 

1 - l-I(1 - xij) >_ (1 - e-1)k + (77/~ - -  k ) ~ - s  - ~  f~(X/~). 
j = l  i=1 

We can show that this holds with probability 1 -  o(1) by applying the second 
momentum method [1, 11]. | 

Furthermore, we can show that ~X/~-oopt is the best one can achieve: 

Theorem 2.4. For any distributed randomized algorithm there is a bipartite graph 
so that the expected matching is O( v/-~opt ), where Mopt is the maximum matching 
size. 

Proof. We only consider the case where every left node is adjacent to a k-subset 
of right nodes. For each k-subset S of right nodes, the randomized strategy of an 
Li assigns a nonnegative probability to each of the right nodes in S. We denote 
by Pi(S) the right node assigned the smallest probability by Li, breaking ties 

arbitrarily. Now consider all the ( k -  1)-subsets of right nodes: {Tj: 1 <_j <_ (kn_l)}. 

For each such subset Tj, we order the right nodes not in Tj as tjo , tj~, ..., tj,~_~ 
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Let v(1,(tjs,Tj) ) -- 1 if S = {t j~}UTj with tj~ = P I ( S ) ,  1 < s < n - k + 1 ;  zero 

otherwise. In general, let v(i, (tj~,Tj)) = 1 if S = {tj(s+i_l) .... a (,~-k+l)) U Tj with 

tJ(s+~-l) ,nod (n-k+l) ' =  Pi(S); zero otherwise. 

Since there are (~) subsets S of size k, we have ~ v( i , ( t j~ ,Tj ) )= (~) for 
tj~ ,Tj 

every i : 1 < i < n. Therefore,  

E E v ( i , ( t j ~ , T j ) ) = n  . 
i=  1 t js  ,Tj  

n 
n - 1  Rewri te  this as 2 ~ v( i , ( t j~ ,Tj) )=n(~) .  Since there are n x  ( k - i )  possible 

(tj~,Tj)i=i 

choices of (tj~,Tj), we know tha t  there exists some Tj. and s* such tha t  

n n 

E v ( i , ( t j : .  Tj*)) > n(k-----)-) - n 
' -- n--i " 

Let I = {i : v( i , ( t j ; . ,Tj . ) )  = 1}. We know tha t  III >_ ~. By the def- 

inition of v(i,(tj~,Tj)), when the boy Li, i C I, is presented with the sub- 

set Ui = Tj. U {tj~.+~_i ) .... a (,,-~+~) } of right nodes, the probabi l i ty  of choosing 

is at most  ~ and the probabi l i ty  of choosing an edge in Tj. t ' *  
3(s*+i--1)  rood ( n - k + l )  

is at  least _ ~ ! .  The  expected size of the match ing  t ha t  boys in {Li : i E I}  

collectively construct  would be at  most  ( k - 1 ) +  ~ ,  where the first t e rm  corre- 

sponds to right nodes in Tj.,  and the second t e rm  corresponds to right nodes in 

UiET{tj[~*+i-~) .... d (,~-k+l) }" It  is not difficult to see tha t  the  m a x i m u m  match ing  

is in the b ipar t i te  graph with the above edges is III. The  bound  follows now by 

choosing a size k 2 subset  of I ,  which is possible when we choose n=f~ (k3 ) .  1 

3. M a n y  r o u n d s  

In this section, we discuss how much informat ion  on the his tory of previous 
hi ts-and-misses can help when the unmatched  senders are allowed to t ry  again for 
more rounds, 

Theorem 3.1. Consider any two integers m > A > O. For any deterministic protocol, 
there exists a bipartite graph with the maximum degree A and the maximum 
matching size m such tha t  in the k-th round, only a matching of size at  most k is 
found for all k < A, and a maximal matching of V~] is found in the A - t h  round. 
These bounds can be achieved. 
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Proof. To achieve these bounds, consider the following strategies: Each left node 
orders all its incident edges (arbitrarily). Propose to the corresponding right nodes 
according to the order, until a hit is observed (i.e., the proposal is accepted). After 
that,  always make the same proposal. We call such type of strategies hit-and-stay. 
Let Mi be the matching obtained after the i-th round by the above strategy. We 
prove, by induction on i, that  if Mi-1 is not a maximal matching, then Mi has 
size at least i. First, the claim is trivially true fbr i = 1 by using the convention 
M0 = 0. Now assume it is true for i, now we want to prove it is true for the i + 1- 
st round. Suppose now Mi is not a maximal matching in the biparti te graph. If 
l Mi ] > i, then ]Mi+l I -> i + 1 since Mi C_ Mi+l according to ore" strategies of keeping 
an edge if we see a hit. Now assume IMiI=i .  Let L(Mi) be the set of'all left nodes 
incident to edges in Mi and R(Mi) be right nodes. Let S = L - L ( M i ) .  Because 
of the hit-and-stay strategy, all previous choices of S fall in R(Mi). If Mi is not a 
maximal matching, then at least; one node 'a in S is connected to one right node not 
in R(Mi). The node u would have a degree > i. Since all the previous i proposals 
of ~t are in R(Mi) and [R(AJi)I =i, the ( i + l ) - s t  proposal of ~t will not in R(~/li). 
Thus, [Mi+I] has at least one edge other than those in Mi. 

If we restrict our strategies to hit-and-stay, the upper bound, on the maxilnal 
obtainable matching in the worst case, can be shown by applying the method for 
the randomized lower bound in the previous section. The only change we need to 
make is to mark the last edge chosen by each boy in place of the edge with the 
least probability assignment. However, general strategies may require some boys 
to try other possibilities even after hits. The "last " chosen edge will depend on 
the past history of hits-and-nfisses and thus will not be well defined. Methods 
for Theorem 3.1 will not be applicable either, since strategies may depends on the 
names of right nodes a left node is connected to. To recover from these difficulties, 
we combine these two approach by defining "equivalent" strategies. Then, we apply 
Ramsey Theory to focus on one equivalent class of strategies. 

Let k = A < r~. First we sort all the right nodes Rl < R2 < '-. < Rn. Consider 
a strategy a of a left node when it is connected t o  ]~il < J~i2 < ' * '  "~ / ~ i k '  Let 7r be 
the order of index j such that  Rij is chosen by a after a sequence of k -  1 misses. 

Thus, for a strategy of the "equivalent" class, the order of right nodes being chosen 
after successive nfisses only depends on the relative orders of Ri~ < Ri~ < "" < Rik. 

1 
We will say a is in the equivalent class 7c. Consider a set T of (N = n~) right 
nodes, Assign each such k-subset of T to one left node in a 1-to-1 mapping. Give 
each k-subset the corresponding equivalent class nunlber of the strategy by the left 
node assigned to that  subset. Since there are k = A choice in each round, and we 
only consider r_< A rounds, the total number of equivalent classes is no more than 

r = A A. Now we need a Rainsey-type result on hypergraphs ([5], also see a prpof 
in the appendix): 
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Lemma 3.2. For any set of parameters m, r, k > 0 and m, r >_ k, consider a hypergraph 
G = (T, E) with all edges in E having size k. Suppose each edge in G is marked by 
one of r numbers. I f  IT[ > k + A(k ,mr) ,  (where A(.,-) is the Ackermann's function) 
then no mat te r  how we number all size-k subsets o fT ,  there is a size-m subset P 
of T such that ali size-k subsets of P are marked with the same number. 

Applying the above Ramsey Lemma, we know that,  for m >_ k > 0, if n 
is sufficiently large, there is a subset R(0) of size m + k -  1 in T such that  all 
the k-subsets of R(0) have the same strategy number t* and, without loss of 
generality, t* = (1 ,2 , . . . ,k)  (i.e., on a sequence of up to k misses, the left node 
will choose right nodes in the increasing order of their names). For simplicity in 
notations, let R(0) = { R 1 , R 2 , " ' , R m + k - 1 } .  Now we consider m subsets of R(0): 
{ R I , R 2 , . . . , R k _ I } U { R i }  assigned to left node Bi, i = k , k + l , . . .  , r e + k - 1 .  Notice 
that  each left node B i has a strategy of color (1,2,. . .  ,k), i = k , k + l , . . .  , m + k .  We 
will only present these subsets to corresponding m left nodes and all the other left 
nodes are presented nothing. The size of the maximum matching is m. In the first 
round, all the left node would choose 1 with one hit. The m -  1 missed left nodes 
would make the same choice in the next round. In general before the i-th round, 
there are a total  of m - i + 1 left nodes which has seen a sequence of i - 1 misses. 
They will make the same choice in the i-th round since they have the same history 
of i -  1 misses on the same order of right nodes, and their strategies are the same 
when restricted to a sequence of misses. Therefore, there are at most i hits in the 
i-th round for i =  1 , 2 , . . - , k - 1 .  We need a slightly different construction to obtain 
the upper bound of [ ~ ]  for the A-th round. | 

Notice that  there is a gap between round A ( G ) -  1 and round A(G) in max- 
imum sizes of matchings obtained by a deterministic algorithm. This gap of best 
achievable solutions disappears when randomized algorithms are allowed as shown 
by the following theorem. Notice this is also matched by an upper bound, asymp- 
totically the same. 

Theorem 3.3. There is a randomized algorithm which achieves a matching size of at 
least [2( ~A ~G Mopt ) in the r-th round: 0 < r < A ( G). For any randomized algorithm, 

any A > O, there is a bipartite graph of the maximum degree A(G) = A and the 
maximum matching size Mopt, on which the randomized algorithm can achieve a 

matching of size at most O( ~ Mopt) in the r-th round: 0 < r < A .  

Proof. To obtain a matching of size ~(A--~Mopt),  we adopt a variation of the 

UNIFORM algorithm: Each boy Li chooses a random permutat ion zc(Li) of all 
its incident edges, proposes to the corresponding girls in the order of 7r(Li) unti l  
succeeds and stays choosing the same girl in all the later rounds. Consider r-rounds 
of plays. Our algorithms is equivalent to the following: Each boy chooses r (to be 
precise, the maximum of r and its degree) edges to propose to. Then follow a 
hit-and-stay strategy. In other words, we first obtain a random subgraph H for 
which each left node has degree at most r, then follow hit-and-stay strategy. Let 
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re(H) be the maximum matching size of H, then a matching of size at least re(H) 2 
is constructed under the hit-and-stay strategy. Thus, it is sufficient to show that  
m(H) = ~(A~5~lopt). Consider a maximum matching (size Mopt). In obtaining 

H,  each edge of the maximum matching is chosen with probability at least r A(G) 

independently. The result follows. 

We now adapt the proof of Theorem 2.4 to show that any randomized algorithm 
can guarantee a matching of size no more than O(:~Mopt) for all the graphs of 

maximum degree A. For each k-subset S of right nodes, in the first round, the 
randomized strategy of a boy Li (1 < i < n) assigns a nonnegative probability to 
each of right nodes in S. After that, depending on history of hits or misses, he 
may change his probability assignments. This leads to an enormous amount of 
strategies. To resolve this difficulty, we only consider the probability assignments 

after all misses in previous rounds. Thus, let p~)- be the probability assigned to 

girl Rj by boy Li in the t-th round after t -  1 misses, 1 < t < r. 

We denote by Pi(S) the right node j assigned the smallest accumulative prob- 

ability ~ pl~ ) by boy Li, breaking ties arbitrarily. Thus Pi(S)_~.<~ Now consider 
t=l 

all the ( k -  1)-subsets of right nodes: {Tj: 1 <_ j <_ (kn_l)}. For each such subset 

Tj, we order right nodes not in Tj as tjo , tj~, ..., tj~_ k. Let v(1,(tj~,Tj))= 1 if 

S = {tj~} UTj with tj~ = PI(S),  1 < s < n -  k + 1; zero otherwise. In general, let 

v(i, (tj~ ,Tj)) = 1 if S = {tj(.~_~+~) ..... , (,~-k+l) } UTj with tj(~+~_~) rood (,~-k+~) = Pi( S); 
zero otherwise. 

Since there are (~) subsets S of size k, we have ~ v(i,(tj~,Tj)) = (~.) for 
tjs ,Tj 

every i : 1 < i < n. Therefore, 

Z E . 
i = 1  tjs ,Tj 

, / t  ?'~' Rewrite it as E • v(i,(tj~ Tj))= (k)' Thus, we know that  there exists some 
tjs ,Tj i=1 

Tj. and s* such that 

~ n(~) n 
Ev(i'(tJ.:*'TJ*)) >- ( n -  k+ 1)(knl) ---- k '  
i = 1  

With the notation I={i:v(i,(tj:.  ,Tj.))=I}, we have II] > ~. 

By the definition of v(i, (tjs,Tj)), when the boy Li, i E I, is presented with the 

subset Ui = Tj. t_J {tJ~s*+i-1) rood (~-~+1) } of edges, the total probability of the first 
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t ime choosing tJ~s*+i-1) rood (~-k+l) after consecutive misses is at most ~. Thus the 

expected number of edges not in Tj. but chosen by boy Li, i C I in the first t ime 
T after consecutive misses is at most ~lI]. In each round, at most k - 1  edges from 

Tj. can be chosen. Thus, the total number of other edges are no more than r ( h - 1 ) .  

Therefore, the total number of chosen right nodes is at most r(k+l~?). Since k = A ,  

our claim follows by choosing a size k 2 subset of I for n > k 3. | 
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P r o o f  of  Lemma 3.2. We define the following type  of generalized Rainsey numbers:  

1. if & > k for all i, then 

R( (C1 ,  S l ,  k) , ,  �9 �9 , (Or ,  S t ,  k))  = 1 zr ~ ( ( C 1 ,  S !1, k - 1),. �9 �9 , (Cr, S; ,  k - 1)), 

where  S~ = R ( ( C 1 , S I , k ) , . . . ,  (Ci,S i - 1 , k ) , . . . ,  ( C r , S r , k ) ) .  

2. if 7") 1 and S i=k for some i, then, 

R((C~, S1, k ) , . . . ,  (C,., S,., k)) = 

= R( (C1 ,  S1, k ) , . . . ,  (Ci_l, Si_l, k), ( C f + l ,  Si+l, ]r (Or, St, k)). 

3. if r = 1, then R((C1, $1, k ) , . . . ,  ((Jr, &., k)) = S 1 . 

4. ir k = l ,  then R((CI,SI,1),.",(Cr,Sr,1))= k S / - r + l .  
i=1 

We prove, by induction on k, that ,  if 

>_ R((C1, &, k), (C2, & ,  k ) , . . . ,  (C~, & ,  k)), 

then, the following holds for one of i : 1 < i < r. 

There is a subset of size Si such that all its k-subsets are of the color Ci. 
1. The base case: From the above definitions, it is t rue when k = 1 by the 

pigeonhole principle. 

2. Assume the claim is true for k - 1 ,  now we consider k. For the same k, we do 
g 

induct ion on ~ &. 
z=l 

2.1 r = l :  Again the claim is trivial. 

2.2 r > 1 and one of Si = k: W.l.o.g., let Sr = k. Then  there is either one k- 
subset has color Cr or none has. In the former case, done. In the latter 

7'--1 
case, we know all the k-subsets are colored with C1, ---, C r - 1  and ~ S/ 

,1=1 
decreases by k. The claim follows from the inductive hypothesis.  

2.3 r > 1 and Si > k for all i : 1 < i < k. Choose one point  X.  All the k-subsets 
containing X will induces subsets of size k -  1 in the original hypergraph.  
Denote this by M.  By the outer loop inductive hypothesis,  we have: for 
one of i: there is a subset of size S~ such tha t  all its k -  1-subsets are 
of  the color Ci. For this i, by the inner loop inductive hypothesis,  when 
S~ = R((C1,SI,k),. . . ,(Ci,&-1,k), '",(Cr,Sr,k)), then,  either for some 
j # i, there is a subset, of size Sj such tha t  all its k-subsets are of the 

color Cj (we are done), or there is a subset of size S / -  1 such tha t  all its 

k-subsets are of the color Ci (we are done after adding the node X).  
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Let S = ~ Si and 
i=1 

f ( k , s )  = max R((C1, Sl, ]g), (62, S2, k) , . . . ,  (Cr, Sr, ]g)). 
~ Si=S 
i=1 

Then f(k,S)<_ l + f ( k - l , f ( k , S - 1 ) )  and it is not difficult to check that f ( k , S ) - k  

is bounded by the Aekermann's function A(k,S). Therefore, k+A , Si is an 

u p p e r  b o u n d  of R((C1, S1, k) ,  (C2, $2, k ) , . . . ,  (Cr, St, k)). 
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